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Abstract

Notes taken while reading about Spartan [1], [2].
Usually while reading papers I take handwritten notes, this document

contains some of them re-written to LaTeX.
The notes are not complete, don’t include all the steps neither all the

proofs.
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1 CCS

1.1 R1CS to CCS overview

R1CS instance: SR1CS = (m,n,N, l, A,B,C)

CCS instance: SCCS = (m,n,N, l, t, q, d,M, S, c)

R1CS-to-CCS parameters:
n = n, m = m, N = N, l = l, t = 3, q = 2, d = 2
M = {A,B,C}, S = {{0, 1}, {2}}, c = {1,−1}

Then, we can see that the CCS relation:

q−1∑
i=0

ci · ⃝j∈SiMj · z == 0

where z = (w, 1, x) ∈ Fn.
In our R1CS-to-CCS parameters is equivalent to
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c0 · ((M0z) ◦ (M1z)) + c1 · (M2z) == 0

=⇒1 · ((Az) ◦ (Bz)) + (−1) · (Cz) == 0

=⇒((Az) ◦ (Bz))− (Cz) == 0

which is equivalent to the R1CS relation: Az ◦Bz == Cz
An example of the conversion from R1CS to CCS implemented in SageMath

can be found at
https://github.com/arnaucube/math/blob/master/r1cs-ccs.sage.

1.2 Committed CCS

RCCCS instance: (C, x), where C is a commitment to a multilinear polynomial
in s′ − 1 variables.

Sat if:

i. Commit(pp, w̃) = C

ii.
∑q

i=1 ci ·
(∏

j∈Si

(∑
y∈{0,1}log m M̃j(x, y) · z̃(y)

))
where z̃(y) = ˜(w, 1, x)(x) ∀x ∈ {0, 1}s′

1.3 Linearized Committed CCS

RLCCCS instance: (C, u, x, r, v1, . . . , vt), where C is a commitment to a multi-
linear polynomial in s′ − 1 variables, and u ∈ F, x ∈ Fl, r ∈ Fs, vi ∈ F ∀i ∈ [t].

Sat if:

i. Commit(pp, w̃) = C

ii. ∀i ∈ [t], vi =
∑

y∈{0,1}s′ M̃i(r, y) · z̃(y)

where z̃(y) = ˜(w, u, x)(x) ∀x ∈ {0, 1}s′

2 Multifolding Scheme for CCS

Recall sum-check protocol:
C ←< P, V (r) > (g, l, d, T ):
T =

∑
x1∈{0,1}

∑
x2∈{0,1} · · ·

∑
xl∈{0,1} g(x1, x2, . . . , xl) l-variate polynomial g,

degree ≤ d in each variable.
let s = logm, s′ = log n.

1. V → P : γ ∈R F, β ∈R Fs

2. V : r′x ∈R Fs
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3. V ↔ P : sum-check protocol:

c←< P, V (r′x) > (g, s, d+ 1,
∑
j∈[t]

γj · vj)

where:

g(x) :=

∑
j∈[t]

γj · Lj(x)

+ γt+1 ·Q(x)

Lj(x) := ẽq(rx, x) ·

 ∑
y∈{0,1}s′

M̃j(x, y) · z̃1(y)


Q(x) := ẽq(β, x) ·

 q∑
i=1

ci ·
∏
j∈Si

 ∑
y∈{0,1}s′

M̃j(x, y) · z̃2(y)


4. P → V : ((σ1, . . . , σt), (θ1, . . . , θt)) where

σj =
∑

y∈{0,1}s′

M̃j(x, y) · z̃1(y)

θj =
∑

y∈{0,1}s′

M̃j(x, y) · z̃2(y)

5. V: e1 ← ẽq(rx, r
′
x), e2 ← ẽq(β, r′x)

check:

c =

∑
j∈[t]

γje1σj + γt+1e2

 q∑
i=1

ci ·
∏
j∈Si

σ


6. V → P : ρ ∈R F

7. V, P : output the folded LCCCS instance (C ′, u′, x′, r′x, v
′
1, . . . , v

′
t), where

∀i ∈ [t]:

C ′ ← C1 + ρ · C2

u′ ← u+ ρ · 1
x′ ← x1 + ρ · x2
v′i ← σi + ρ · θi

8. P : output folded witness: w̃′ ← w̃1 + ρ · w̃2.
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