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Abstract

Notes taken while studying Algebraic Coding Theory, mostly from
Hill’s book [I] and Lint’s book [2].

Usually while reading books and papers I take handwritten notes in a
notebook, this document contains some of them re-written to LaTeX.

The proofs may slightly differ from the ones from the books, since I
try to extend them for a deeper understanding.
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1 Vector spaces over finite fields, quick recap

Let ¢ be a prime power.

V(n,q): set GF(q)™ of all ordered n-tuples over GF(q). V(n,q) is a vector
space.

A set of vectors {v1,ve,...,v,} is said to be linear dependent if 3 scalars
ai,...,a., not all zero, such that

ai1v1 + asvs + ...+ a, v, =0

They are linear independent if

implies
aivi +asvs +...+av, =0 = ar=ay=...=a,=0
Let C a subspace of V(n,q). Then a subset {v1,vs,...,v,.} C C is called a
generating set (or spanning set) of C' if every vector in C can be expressed as a
linear combination of vy,...,v,.
A generating set of C' which is also linearly independent is called a basis of

C.

Theorem 4.3. Suppose {vy,vs,...,v;} is a basis of a subspace C of V(n,q).
Then

i. every vector of C can be expressed uniquely as a linear combination of the
basis vectors.

ii. C' contains exactly q* vectors.



Proof. 1. suppose vector z € C' such that
r = a1V + agvg + - + apvg

x =biuy + bava + -+ + b vg.

then
(a1 — b1)vr + (ag — b2)ve + -+ + (ag — bg)vk, = 0.
But the set {vy,va,..., v} is linearly independent, and so
a; —b;=0 forte=1,2,... k,
ie.,

ai:bi fOI"iZl,Q,...,k‘.

ii. By (i), the ¢* vectors

k
Zaivi (ai S GF(Q))
i=1

are precisely the distinct vectors of C.

2 Linear codes

The theorems of this section are from [I] and follow the original enumeration of
the book.

Note about notation:
A g-ary linear code [n, k, d]-code is also a g-ary (n, ¢*, d)-code, but the opposite
is not always true.

2.1 Some definitions

Let ¢ be a prime power. View (F,)" as the vector space V(n,q).

Definition (Linear code over GF(q)). A linear code over GF(q) is a subspace
of V(n,q), with n > 0.

Thus C C V(n,q) is a linear code iff
i.u+velC Yu,vel
ii. au e C YueC, a e GF(q)



If C is a k-dimensional subspace of V(n, g), then the linear code C' is called
an [n, k]-code. (sometimes with minimum distance d: [n, k, d]-code).

Definition (Weight). Weight, w(z), of a vector z € V(n,q) is the number of
non-zero entries of x.

Lemma 5.1. if 2,y € V(n,q), then d(z,y) = w(z — y).

Proof. the vector x — y has non-zero entries in preceisely those places where z
and y differ. O

Theorem 5.2. let C a linear code, let w(C) be the smallest of weights of the
non-zero codewords of C'. Then d(C) = w(C).

Proof. 3 z,y € C s.th. d(C) = d(x,y).

By Lemma d(C) = w(x —y) > w(C), since x — y is a codeword of the
linear code C (ie. x —y € C).

On the other hand, for z € C,
w(C) = w(z) = d(x,0) > d(C), since 0 € C.

Hence, d(C) > w(C) and w(C) > d(C) = d(C) = w(C). O

Definition (Generator matrix (GM)). a k x n matrix whose rows form a basis

of a linear [n, k]-code is called a generator matriz (GM) of the code.

2.2 Equivalence

Theorem 5.4. two known k X n matrices generate equivalent linear [n, k]-
codes over GF(q) if one matrix can be obtained from the other by a sequence
of operations of the following types:

R1. permutation of the rows

R2. multiplication of a row by a non-zero scalar

R3. addition of a scalar multiple of one row to another
C1. permutation of the columns

C2. multiplication of any column by a non-zero scalar

Theorem 5.5. let G a GM of an [n, k]-code. Then by performing the previous
operations, G can be transformed to the standard form [I|A] where I}, is the
k x k identity matrix, and A is a k X (n — k) matrix.



2.3 Encoding with a linear code

Let C a [n, k]-code over GF(q) with GM G. C contains ¢* codewords = can
be used to communicate any one of ¢* distinct messages.

Iddentify these messages with the ¢* tuples of V(k, q).

Encoding:
msg vector: u = ujus ... ug; rows of G: riry... 7. Encode

k
uG:Zuiri eC

i=1

ie. u@G is a codeword of C'; a linear combination of the rows of the GM.
Encoding function:

u — uG

If G is in standard form (5.5), G = [I|A] with A = [a,;], then encoding u
is:
r=uG =21Tg...TpTj41 ... Tn
where
x; =u; for 1 <i <k, message digits
k
Thti = Z ajiu; for 1 <7 <n—k, check digits
j=1

the check digits add redundancy to gie protection against noise.

2.4 Decoding with a linear code

Codeword © = x122...x,, received vector y = y1¥yo...Yn, €rror vector e =
Y— T =e€1€1...€n.

2.4.1 Cosets

Cosets here are similar to the ones from typical group theory, just from another
perspective.

Definition (Coset). Let C' a [n, k]-code over GF(q) and a € V(n,q). Then
the set a + C = {a + x|z € C} is called a coset of C.

Definition (Coset leader). the vector having minimum weight in a coset is
called the coset leader.

Lemma 6.3. Let a +C acoset of Candbea+C. Thenb+C =a+ C.



Proof. sincebea+C = b=a+xforsomexecC. Ifb+yecb+ C then
b+y=(a+z)+y=a+(z+y) €a+C
For the other direction, if a + x € a + C then
at+zx=0b-z)+2z=b+(z—2)€b+C

hence a+C C b+ C.
Therefore b+ C =a + C. O

Theorem 6.4 (Lagrange). suppose C C V(n,q) is a [n, k]-code over GF(q).
Then

i. evvery vector of V(n,q) is in some coset of C

ii. every coset contains exactly ¢* vectors

ili. two cosets either are disjoint or coincide (partial overlap is impossible)
Proof. i. iffa€V(n,q)thena=a+0€a+C

ii. the map

C—a+CVzel
r—a+x
is a one-to-one map, hence |a 4+ C| = |C| = ¢*.

iii. by contradiction, suppose cosets a+C, b+ C overlap. Then for some vector
v?

veE(a+CO)N(b+C)
thus for some z,y e C,v=a+2x=b+y.

Hence b =a+ (z —y) € a+ C, thus by Lemma [6.3| we have b+ C = a+ C.
O

Corollary . shows that V'(n, q) is partitioned into disjoint cosets of C":
V(n,g) =(0+C)U (a1 +C)U...U(as +C)

where s = ¢"% — 1, and by Lemma we may take 0,a1,...,as to be coset
leaders.

Example 6.5. Let C be the binary [4, 2]-code with generator matrix
1 011
¢= (0 10 1)

ie. C ={0000, 1011, 0101, 1110}.



Then the cosets of C' are

0000 + C = C itself
1000 + C' = {1000, 0011, 1101, 0110}
0100 + C = {0100, 1111, 0001, 1010} = 0001 + C
0010 + C' = {0010, 1001, 0111, 1100}

by Lemma [6.3} 0001 € 0100 + C, thus 0001 + C' = 0100 + C.

2.5 Probability of error correction (in binary linear codes)

To evaluate how good a code is, must calculate the probability that a received
vector will be decoded as the codeword which was sent.

Let p be the symbol error probability.

Probability that the error vector is agiven vector of weight i is p*(1—p)n — i.

Theorem 6.7. Let C a binary [n, k]-code, and for i = 0,1,...,n let a; denote
the number of coset leaders of weight 4.

Then the probability P, (C) that a received vector decoded by means of a
standard array is the codeword which was sent is

Pcorr(c) = Zai . pl(l - p)n—z
=0

Example 6.8. [n,k]-code from coset leaders are 0000, 1000,0100,0010.
Hence ag =1, a1 =3, ag =ag=a4 =0, so

Peorr(C) = (1= p)* +3p(1 —p)® = (1 — p)*(1 + 2p)

Remark 6.9. if d(C) = 2t+1 or d(C) = 2t+2, then C can correct any ¢ errors.

n
Hence every vector of weight < ¢ is a coset leader and so a; = (z) for
0<i<t.

Definition (Rate). [n,k]-code C uses n symbols to send k message symbols;
it has rate R(C) = k/n.
A good code will have a high rate.

Definition (Capacity). the capacity € (p) of a binary symmetric channel with
symbol error probability p is

¢(p) =1+p-logy (p) + (1 —p) - logy (1 —p)

Theorem 6.12 (Shanon’s theorem). channel binary symmetric with symbol
error probability p.

Let R < € (p).

Then for any € > 0, 3 for sufficient large n, an [n, k]-code C of rate k/n > R
such that P.,..(C) < e.



Definition (Psymb). P,ympy denotes the average probability that a message
symbol is in error after decoding.

Theorem 6.14. let C' a binary [nk]-code and let A; denote the number of
codewords of C' of weight .

Then, if C is used for error detection, the probability of an incorrect message
being undetected is

Pundetec(c) = Z Ai 'pi(l - p)nii
=1

Example 6.15. for the code of [6.5]

Pundetec(o) =1 'p2(1 _p)2 +2 'p3(1 - p)473:1 = p2 - p4

0101 1011, 1110

2.6 Exercises

Exercise 5.1. is the binary (11, 24, 5)-code linear?

Proof. recall: a g-ary linear [n, k, d]-code is also a g-ary (n, ¢*, d)-code, but the
opposite is not always true.

= (11,24, 5)-code to be linear it would mean that 24 = qr.

Since it is binary, ¢ = 2. But 24 # 2*, so it can not be linear. O

Exercise 5.2. E, is the code of all even-weight vectors of V(n,2), which is
linear. What are the parameters [n, k, d] of E,,? Write a GM for F,, in standard
form.

Proof.
E, ={z € V(n,2)|lw(x) is even}

— is the binary even-weight ode (the single parity-check code);
it’s linear since

e the zero vector has even weight
e over GF(2), the sum of two even-weight vectors has even weight
Recall: F' <= V(n,q), so V(n,2) = F}

= E,={(x1,...,2,) € F3lx1 + ... + 2, =0}
minimum distance is 2, since
e no word of weight 1 is in E,

e words of weight 2 are in F,



Therefore, parameters are [n,n — 1, 2]
GM:
G = [I-1]1]

which generates vectors of the form
(@1, . an—1,01+ ...+ an_1)
O

Exercise 5.5. Prove that in a binary linear code, either all the codewords have
even weight or exactly half have even weight and half odd weight.

Proof. let C¢, C, be subsets of C with even and odd weights respectively.
So that C' = C, U C, (disjoint union).
For binary vectors z, y:

w(z +y) = w(@) +w(y) (mod 2)
ie. over Fy, the parity of the weight is additive:

even + even = even
even + odd = odd
odd + odd = even

Now we have two possible cases:

e (' has no odd weighted codewords:
Co =0, Vx € C x is even weighted

e (' has at least one odd-weighted codeword:
let u € C,, consider the map

¢:C. — C,
c——>c+u

with c € Ce, u € C,, ¢(c) € C,.
@ is bijective, since ¢(¢(c)) = (c+u) +u=rc,
S0 ¢ is it’s own inverse; hence |C,| = |C,|.

Since C' = C, U C,, half codewords are even weighted and half odd.
O

Exercise 6.1. construct standard arrays for codes having each of the GMs:

10 101
Gl(o 1) G2<o 1 1>



Proof. recall: for a binary code with GM G, the code C consists of all binary
linear combinations of the rows of G.

For Gi:
rows: r; = (1,0), r2 = (0,1)). A codeword is any linear combination:

uGi=a-ry +b-ry, with a,b € {0,1}
4 combinations:

14010 =(
crp 401 =(
(
(

rp+1l-re =

_ O = O

'T1—|—1'7’2:

= (C; ={00,10,01,11}
standard array: 00 01 10 11

For Ga:
rows: 1, = (1,0,1), o = (0,1,1). Codeword: a-ry +b-ry with a,b € {0,1}.
4 combinations:

0-r14+0-ry=( )
1-714+0-r70=(1,0,1)
07 41 75 =(0,1,1)
1-ry+1-r9=(1,0,1)+(0,1,1) = (1,1,0)

= (% = {000, 101,011,110}
—> so the 1st row of the standard array is: 000 101 011 110.
Now, pick a non used vector: 001, add it to the code Cs:

001 + Cy,

001 + 000 = 001
001 + 101 = 100
001 + 011 = 010
001 +110 =111

— 2nd row of the standard array: 001 100 010 111
Thus the standard array is

000 101 011 110
001 100 010 111

ie. 23 = 8 vectors, a V/(3,2) vector space. O

10



Exercise 6.4. C a binary [n, k]-code with minimum distance 2¢ + 1 (or 2¢ +
2). Given that p is very small, show that an approximate value of P,..(C) is

((tzl) - at+1) p't1, where ;1 is the number of coset leaders of C' of weight
t+ 1.

Proof. From[6.9] if d(C') = 2t +1 (or 2t +2) Longrightarrow C' can correct any
t errors.

Hence every vector of weight < ¢ is a coset leader and so «; = (?) for
0<i<t.
Pcorr(c) = Zai Pz(l - p)nil (]—)
i=0

where «a; is the number of coset leaders of weight 4
From the (7;) vectors of weight i, exactly «; are coset leaders, so the non
coset leaders are (7}) — ;. This is when a decoding error happens.

— PLO)=Y ((:‘) B ai> Pl — gy

i=0
Alternatively from
Perp(C) = 1= Pegpp(C) =1=) ;- p'(1 = p)" "
i=0

Notice that

thus

Now, from Vi <t, oy = (7), thus (7) — a; = 0 for the first ¢ terms in
the sum.
Thus

Perr(C) = z": (<7Z> - 0%) p'(1—p)



where the ... represent the terms with p‘*2 and higher.
Then, since p is very small (by the exercise definition), (1 — p)"~'*1 =1,
and the other higher powers of p are negligible.

Hence,
n
P (C) = ((H 1) - am) .+

3 Dual code, PCM and Syndrome

3.1 Dual code
Definition (Orthogonal). Inner product:

n
U-V=UVL+ ... +Up VUV, = E UiV
i=1

If u-v =0, then v and v are called orthogonal.
Lemma 7.1. for any u,v,w € V(n,q) and A\, u € GF(q),
Lu-v=v-u
. (Au+ ) -w=Au-w)+ pv- w)
Proof. (at exercise [7.1). O

Definition (Dual code). given a linear [n, k]-code C, the dual code of C, de-
noted C*, is defined to be the set of those vectors of V (n, ¢) which are orthogonal
to every codeword of C. ie.

Ct={weV(n,g |v-u=0YucC}

Lemma 7.2. C a [n, k]-code with GM G. Then v € V(n,q) belongs to C+ iff
v is orthogonal to every row of G, ie.

veCt<«—v-GT =0

Proof. let rows of G be ry,... 7, suppose v -r; = 0 Vi (ie. v orthogonal to
every row of G).

If u € C (ie. a codeword of C'), then u = Zle \ir; for some scalars \;, so
that

k k
veu=v-y = AN-(wer) =) A-0=0
— hence v is orthogonal to every codeword of C, and so is in C*+. O

12



Theorem 7.3. C a [n, k]-code over GF(q). Then the dual code C* of C is a
linear [n,n — k]-code.
Proof. i. first show that C* is a linear code:
let vy,vo € C*+ and A\, u € GF(q). Then Vu € C,
(Mg + pwg) - u = Aoy - u) + p(ve - u)
notice that vy, vs € CF, so
that v1, vy are orthogonal with
hence (v1 - u) and (vg - u) are 0
=X 0+pu-0=0

Hence \-v; + p-vy € C*, and so C* is linear, since it is closed under linear
combinations.

ii. Next, show that C* has dimension n — k:

Let G = [g;;] be a GM of C.

Then by Lemma 7.2, the elements of C are the vectors v = (v, va,...,v,),
since v € O+ <= v - GT =0, satisfying
m

Zgijvj = O, Vi= [k‘]
j=1

— this is a system of k£ independent homogeneous equations in n un-
knowns, with solution space C. From linear algebra we know that it has
dimension n — k. To see it:

if codes C and Cs are equivalent, then Ci-, Cs- are also equivalent. Hence
is enough to show that dim(C+) = n — k, where C is a standard form GM:

1 ... 0 aiq1 ... ain—k
0 ... 1 ap1 ... Grpn—k
Then
n—k
Ct={(v,...,v,) €V(n,q) | vi—|—2ai7jvk+j =0,i=1,2,...,k}
j=1
For each of the ¢"~* choices of (vgy1,...,v,), 3! (vi,va,...,0,) € C*.

Hence |C*| = g™, therefore dim(C+) =n — k.

Theorem 7.5. for any [n, k]-code C, (C+)*+ = C.

Proof. clearly C C (C*)*, since every vector in C' is orthogonal to every vector
in C+.
But dim((C+)*) =n — (n — k) = k = dim(C), therefore C = (CH)+. O

13



3.2 PCM (parity-check matrix)

Definition (PCM). A parity-check matric (PCM) H for a [n, k]-code C is a
generator matrix of C*.
= H isa (n— k) x n matrix satisfying GHT = 0.

From [7.2] and
if H a PCM of C, then

C={zxeV(nygq) | zH" =0}

= Any linear code is completely specified by a PCM.

Intuition . i. PCM: G specifies how to build a codeword, the PCM H spec-
ifies the rules a vector must follow to be considered a valid codeword.

ii. dual-code: orthogonal "shadow”, see C' as a plane through 3D origin; C*
is the (normal vector) line emerging from the plane.

Rows of the PCM are the basis for the dual-code C+ = ie. the rules that
define C' are themselves a code.

Theorem 7.6. if G = [I;|A] is the standard form generator matrix of an [n, kJ-
code C, then a PCM for C'is H = [ AT | I,,_4].

eg.
1 ... 0 a1,1 cee Q1n—k
G = .
0o ... 1 k1 ... Ok n—k
—ai1,1 e TAln—k 1 ... 0
H = . . .
—akg1 ... —QAgn—k 0o ... 1

which, in binary, the minus signs are unnecessary.

Definition (Standard form). a PCM that is H = [B | I,—]

3.3 Syndrome

Definition (Syndrome). let H a PCM of a [n, k]-code C.
Then V y € V(n,q), the 1 x (n — k) row vector

S(y) =yH"

is called the syndrome of y.

14



Remark . i. for hy, ho,...,h,_ being rows of H, then
S(y) = (y'hhy'hQa-”ay'hn—k)
ii. S(y)=0<=yeC

Intuition . Syndrome is the ”sympthom” of the error. It ignores the valid part
of the message and isolates the noise.

S(y)=yH" = (c+e)H' =cH? +eHT =0+ eH" = eH”
0

Syndrome allows the receiver to identify what went wrong without knowing
what was originally sent.

Lemma 7.8. two vectors u,v are the same ocset of C iff they have the same
syndrome.

Proof. if u,v in the same coset of C'

= u+C=v+C
—u—vel
— (u—v)H' =0
— uHT =vHT
= S(u) = S(v)
O

Corollary 7.9. There is a one-to-one ccorrespondence between cosets and syn-
dromes.

— for small n, it’s fast to locate the received vector y in the array, but for
large n: use syndrome to find which coset (ie. which row of the array) contains
Y.

Example 7.10. (from example

1 0 1 1
G= {O 1 0 1]
by
1 010
H = L 1 0 1}
Hence the syndromes of the coset leaders are
S5(0000) = 00
S(1000) = 11
S5(0100) = 01
S5(0010) =10

15



The standard array becomes:

cosetleaders syndromes
0000 1011 0101 1110 00
1000 0011 1101 0110 11
0100 1111 0001 1010 01
0010 1001 0111 1100 10

so, decoding algorithm: when a vector y is received, calculate S(y) = yH?,
locate S(y) in the syndromes column of the array.

Locate y in the corresponding row and decode as the codeword at the top
of the column containing y.

— in practice: syndrome lookup table:

syndrome z coset leader f(z)

00 0000
11 1000
01 0100
10 0010

decoding procedure:
1. receive y, calculate S(y) = yHT
2. let z = S(y), locate z in the first column of the looku table

3. decode y as y — f(2)

3.4 Incomplete decoding

For d(C) = 2t 4+ 1 (or 2t + 2), guarantee the correction of < t errors in any
codewordd and also detect some cases of more than ¢ errors.
— Arrange the cosets in order of increasing weight of the coset leaders.
Divide the array into a top part and a bottom part; top: cosets whose leaders
have weights < ¢.

- If y in top part: decode as usual (assuming < ¢ errors).
- If y in bottom part: conclude that > ¢ errors have occurred, ask for
retransmission.
3.5 [Exercises
Exercise 7.1. prove Lemma|[7.1
Proof. For any u,v,w € V(n,q) and A\, u € GF(q),

LLu-v=v-u

n n
'LL"U:E ule:E ViU =V U
i=1 i=1

16



. Au+ pw) - w=Au-w)+ p(v-w)

M+ pwyw =Y (A + pv;)w;
= Z(x\uiwi + pv;w;)
=Y Oww) + Y (pviw;)
= A (ww) +p Y (viw;)
=X (u-w)+p-(v-w)
O

Exercise 7.2. prove that if F,, is the binary even weight code of length n, then
E;- is the repetition code of length n.

Proof. from exercise [5.2

E,={z€V(n,2) | w(z) is even} = {(z1,...,2,) € F3' | 21+ ...+ 2, =0}

GM of E,,:
1
G= |1,
1
thus, by [7.6f PCMis H = [1 1 --- 1].
If H is a PCM for C, then the rows of H generate C+.
Therefore

Ef=<[11---1>
——

generator

then it’s codewords are:

0-(1,...,1)=(0,...,0)
1-(1,...,1)=(1,...,1)

— FE-=1{00...00, 11...1}
ie. the repetition code of length n. O

Exercise 7.4. for a binary linear code with PCM H, show that the transpose
of the syndrome of a received vector is equal to the sums of those columns of H
corresponding to where the errors occurred.

Proof. Let e the error, y the vector received, and x the original codeword. Then
y=x+e.

17



Then
Sy)=yHT = (z+e)HT = gHL +eHT =eHT

0,since H
is PCM of C
and z € C
So,
n
S(y)T = GTH = Zej . Hj
j=1
where Hj is the j-th column of H. O

Exercise 7.6. Let C be the ternary linear code with GM

1110
G_{2011]

(a) Find a generator matrix in standard form.
(b) Find a parity check matrix (PCM) for C' in standard form.
(¢) Use syndrome decoding to decode the received vectors: 2122,1201, 2222

Proof. (a)
1110_)1110%1022
2 0 1 1 01 2 1 01 2 1
1 0 2 2. .
thus G = {O 1 9 1} is PCM in standard form.
. 1o 2 2
(b) since G = [O 1 92 1] then
-2 -2 1 0 1 1 1 0
H‘{—z ~1 0 1}_[1 2 0 1}

(c)
Sy)=yH" =S(y) = (y- h1, y- ha).
w/ h; the rows of H.
compute the lookup table (syndrome table):

e | S(e)
0000 | 00
1000 | 11
2000 | 22
0100 | 12
0200 | 21
0010 | 10
0020 | 20
0001 | 01
0002 | 02
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left: weight-1 errors, since we’re over F3; right: coset leaders for the 9 cosets.

i y=2121:

Sy)=[2 1 2 1] =[5,5] = [2,2].

O = =
_— o N =

S(y) = [2,2], corresponds (in the table) to e = 2000.

= c=y—e=2121 -2000 = 0121
ii. y=1201
Sty)=[1 2 0 1]H" =3,6]=[0,0].
corresponds to e = 0000
= c=y—e=1201
iii. y = 2222
Siy)=[2 2 2 2]H"=[6,8=0,2].

corresponds to e = 0002

= c=y—e=2222 - 0002 = 2220

4 Hamming Codes

Definition (Binary Hamming Code). let r a positive integer, H a r x (2" — 1)
matrix whose columns are the distinct non-zero vectors of V(r,2).

The code having H as its PCM is called a binary Hamming code, denoted
Ham(r,2).

Remark . Ham(r,2) has length n = 2" — 1 and dimension k =n — r.
Redundancy of the code: r = n — k, the number of check symbols in each
codeword.

. . 1 1 0
Exercise 8.1. i. r=2: H = 10 1]

by Theorem 7.6, G=[11 1 ]
~—
I

so Ham(2,2) is just the binary triple repetition code.
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ii. r=3: a PCM for Ham(3,2) is

0001111
H=|0 1 1 0 0 1 1
101 0101

(have taken columns in the natural order of increasing binary numbers from
1to7)

H in standard form: rearrange columns:

H =

—= = O
—_ O =

1
1
0

— ==
OO =
o = O
—_ O O

by Theorem a generator matrix for Ham(3,2) is

o O O
OO = O
o= OO
o O O
= == O
== O
O R =

Theorem 8.2. the binary Hamming code Ham(r,2), for r > 2,
l.isa[2"—1,2" — 1 —r]-code
2. has minimum distance 3 (hence is single-error-correcting)

3. is a perfect code

Lemma (Decoding with a binary Hamming code). Ham(r,2) is a perfect
single-error-correcting code = the coset leader are precisely the 2" (=n+1)
vectors of V(n,2) of weight < 1.

Let j-th column of H be the binary representation of j. Decoding algorithm:

1. receive vector y, calculate its syndrome: S(y) = yH?T
2. if S(y) = 0, assume y = ¢ (original sent codeword)

3. if S(y) # 0, assuming a single error, S(y) gives the binary representation
of the error position, and the error can be corrected.

0 001 1 11
Example. H= |0 1 1 0 0 1 1],ify=1101011 then
101 0101
S(y)=y-H" =110

=—> 6-th position, and so we decode y as 1101001
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4.1 Extended binary Hamming codes

Ham(r,2), obtained from Ham(r,2) by adding an overall parity-check.
Not ideal for complete decoding, but good for incomplete decoding (correct
any single error and detect any double error).

Let H be a PCM for Ham(r,2). A PCM H for Ham(r,2):

If H is taken with columns in increasing order of binary numbers, we have
a neat incomplete decoding algorithm:

Example 8.3. r =3, H&m(3,2). Received y, S(y) = yﬁT = (s1, S2, S3, S4)
i. if s4 =0 and (s1, 82, 83) = 0: assume no errors
ii. if s4 =0 and (s1, 82, $3) # 0: assume > 2 errors and ask retransmission
iii. if s4 =1 and (s1, 82, $3) = 0: assume 1 error in the last position

iv. if s4 = 1 and (s1, $2,83) # 0: assume 1 error in the j-th position, where j
is the number binary-represented by (s1, 2, $3)

Theorem 8.4. suppose C a linear [n, k]-code over GF(q) with PCM H. Mini-
mum distance of C' is d iff any d — 1 columns of H are linearly independent but
some d columns are linearly dependent.

Proof. by min. distance of C' (ie. d(C)) = smallest of the weights of the
non-zero codewords.
Let © = z129 ... 2, € V(n,q), then

reC«=zHT =0
— o1 Hi+22Hs+ ...+ 2, H,=0

where H; denote the columns of H.

= each codeeword x of weight d corresponds with a set of d linearly de-
pendent columns of H.

On the other hand, if 3 a set of d — 1 lin.dependent columns of H, say
H;  H; H,

0y, Hi, o, then 3 z;,,...,x;, , scalars, not all zero, such that

xilHil + xizHi2 + - + xid—lHid—l = 0
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But then, the vector
x=1(0...02;0...2;,0...0z;, ,0...0)

having z;, in the j-th position for j € [d — 1], would satisfy xHT =0, and so
would be a non-zero codeword of weight < d. O

4.2 qg-ary Hamming codes

For C' a inear code with d(C) = 3 (min.dist), any 2 columns of a PCM H must
be linearly independent
= columns of H must be non-zero, and no column can be a scalar multiple
of another
Any 0 #£ v € V(r,q) vector has ¢ — 1 non-zero scalar multiples, forming the
set
W | A€ GF(g), A # 0}

— the ¢" — 1 non-zero vectors of V(r, q) may be partitioned into % such
sets, called classes.
— two vectors are scalar multiples of each other if they are in the same
class .
By choosing one vector from each class, obtain a set of q(;__ll vectors, where
not two are linearly dependent.
By Theorem taking these as columns of h gives a PCM for a

q —1 q"—1
q—1"(qg=1)—r
= called g¢-ary Hamming code, Ham(r,q).

— PCM is unique up to permutation of columns
—> Hamming codes are linear codes

,3| -code

Theorem 8.6. Ham(r,q) is a perfect single-error-correcting code.

Proof. Ham(r,q) is constructed to be a (n, M, 3)-code, with n = q7:1 and
M =q¢" .
With ¢t = 1, the LHS of the sphere-packing bound becomes

" A+n(g-1)=¢""-(1+¢ -1)=7¢"
which is the RHS, so Ham(r, q) is a perfect code. O
Decoding g-ary Hamming code Since Ham is perfect single-error correct-

ing code, the coset leaders, other than 0, are the vectors of weight 1.
Syndrome of such coset leader:

5(0...060...0)=(0...060...0)- H" =b- H

where H; is the j-th column of H, and b is at the j-th position of y.
Decode:
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- given received y, calculate S(y) = yHT
- if S(y) = 0, assume no errors

- if S(y) # 0, then S(y) = b- H] for some b and j
correct by: subtract b from the j-th entry of y.

Example:

1

1 1
1 3 4

1 , y = 203031
2
Then,
Sy)=y-H" =2-H] +3-Hf +3-HI +1-H{
=2-[01]+3-[11]+3-[13]+1-[14]
=102+ [3 3]+ [3 9] +[1 4]

=[78 =123 :\?/-[%I;;l (mod 5)

= error is in position 6-th, with magnitude b = 2
= subtract b from the j-th entry of y: 1 —2 (mod 5) = —1 (mod 5) = 4,
therefore y’' = 203034.

5 MLCT - Main Linear Coding Theory problem
A good (n, M, d)-code has

e small n, for fast transmission of messages

e large M, to enable transmission of a wide variety of messages

e large d, to correct many errors

Denote by Aq4(n,d) the largest M such that 3 a g-ary (n, M, d)-code.

Theorem 2.7. Suppose d is odd. Then a binary (n, M, d)-code exists iff a
binary (n 4+ 1, M,d + 1)-code exists.

Proof. O

Corollary 2.8. If d is odd, then Ay(n+1,d+ 1) = As(n,d).
Equivalently, if d is even, then As(n,d) = As(n—1,d —1).

Definition (Sphere). V u € F' (vector) and any integer r > 0, the sphere of
radius r and centre u, denoted S(u,r), is the set

{ve Fy | d(u,v) <r}

Theorem 1.9 & 2.12. a code C can
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i. detect up to s errors in any codeword if d(C) > s+ 1

ii. correct up to t errors in any codeword if d(C) > 2t + 1

This is, the spheres of radius ¢ centered on the codewords of C' are disjoint
(ie. have no overlap).

So, if <t errors occur, then the received vector y may be different from the
sent codeword z, hence being different from the centre of the sphere S(z, t),
but can not ’escape’ from the sphere, so is ’drawn back’ to x by nearest
neighbour decoding.

Definition (Perfect codes). A code which achieves the sphere-packing bound is
called a perfect code. Thus, for a perfect t-error-correcting code, the M spheres
of radius ¢ centred on codewords ‘fill” the whole space F' without overlapping.

In other words, every vector in F' is at distance < ¢ from exactly one
codeword.

Theorem (MLCT problem (Version 1)). For given length n, find the max-
imum dimension k such that 3 an [n, k,d]-code over GF(q). (Then, for this
k7 B‘Z(”? d) = qk)

Remark . redundancy r of an [n,k,d]-code is just r = n — k (the number of
check symbols in a codeword).

Theorem (MLCT problem (Version 2)). For given redundancy r, find the
maximum length n such that 3 an [n,n — r, d]-code over GF(q).

Definition ((n,s)-set). a (n,s)-set in V(r,q) is a set of n vectors in V(r, q)
with the property that any s of them are linearly independent.

Denote max(r, q) the largest value of n for which 3 a (n, s)-set in V (r, q).
ie.

e (n,s)-set: n vectors with s of them lin. independent
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e mazx(r,q): max n for which 3 (n, s)-set

Definition (Packing problem). The packing problem for V(r,q) is that of
determining the values of mazs(r,q) and the optimal (n, s)-sets.

Theorem 14.1. There exists an [n,n —r, d]-code over GF(q) iff 3 an (n,d—1)-
set in V(r, q).

Proof. let C' a [n,n — r,d]-code over GF(q) with PCM H. Then by Theorem
the columns of H form a (n,d — 1)-set in V(r,q).

On the other hand, let K a (n,d—1)-set in V(r, ). If we form a r x n matrix
H with the vectors of K as its columns, by Theorem H is the PCM of a
[n,n — r]-code whose minimum distance is at least d. O

Corollary 14.2. for given values q,d, r, the largest value of n for which there
exists a [n,n — r,d]-code over GF(q) is maxq—_1(r,q).

— the MLCT problem (V2) is the same as the packing problem of finding
mazq_1(r,q).
5.1 The projective geometry PG(r-1,q)

Let the vector space
V(r,q) = {(a1,as9,...,a,) | a; € GF(q)}
Definition (Projective Geometry). PG(r —1,q)
e points are the one-dimensional subspaces of V(r, q)
e lines are the two-dimensional subspaces of V (r, q)

Each point P € PG(r — 1,q), as a subspace of V(r,q) of dimension 1, is
generated by a single non-zero vector.

So if a = (a1, as,...,a,) € P, then P ={Xa | A € GF(q)}.

= for a = (a1, as,...,a.), b= (b1,ba,...,b.) € P, then

a=bin PG(r—1,q) iff a=Xbin V(r,q)
for some non-zero scalar \.

Lemma 14.6. in PG(r — 1,q),

T
. . —1
1. number of points is qu

2. any two points lie on exactly one line

3. each line contains exactly ¢ + 1 points

¢ -1

) lines

4. each point lies on
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Proof. 1. number of points is q;%ll:

since each of the ¢" — 1 nonzero vectors in V(r, ¢) has ¢ — 1 nonzero scalar

multiples, the number of points of PG(r — 1,q) is qu:11

2. any two points lie on exactly one line:
if a,b distinet points of PG(r — 1, ¢q), then the unique line through them
consists of the points Aa + ub, where A, u are scalars not both zero.

3. each line contains exactly ¢ + 1 points:
in (ii) there are ¢ — 1 choices for the pair (), ), but we're identifying
scalar multiples, so the number of distinct points on the line is

¢ -1
q—1

r—1
. . —1 4.
4. each point lies on £ ) lines:

let ¢ be the number of lines on which a point P lies. Let the set

X ={(Q,L) | Qis apoint # P, L is a line containing both P and Q}

Count the members of X in two ways:
for each of the % — 1 choices of @, 3! line containing P and @Q. Thus,
q

¢ -1 4 —q

qg—1 qg—1

X =

On the other hand, for each of the ¢ lines through P, there are (by (iii))
q points @ other than P lying on L.

Thus, | X| = tg,
—q ¢ -1

E
q—1’ q—1

O

Definition (Projective plane). The PG(2, q) is called the projective plane over
GF(q).

6 MDS Codes

Theorem 15.1. a [n,n — r,d]-code satisfies d < r + 1.

Proof. let C a [n,n — r,d]-code, let G = [I,—, | A] be a standard form GM of
C.

Since A has r columns, the codewords whicch are rows of G have weight
<r+1,ie. w(C)<r+1.
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The result follows from Theorem

= w(C) =d(C)
= d(C)<r+1.

Definition (MDS). a [n,n — r,7 + 1]-code,
ie. a linear cocde of redundancy r whose min. distance is r + 1,
is called a mazimum distance separable code, MDS.
— by Theorem max length of a MDS code over GF(q) is max,(r, q),
the largest size of a (n,r)-set in V(r,q).

Conjecture 15.2. if 2 < r < g, then maz,(r,q) = ¢+ 1
(except maw3(3,q) = mar,_1(q—1,q) = ¢+ 2 if ¢ = 2")

Theorem 15.3. if r > ¢, then maz,.(r,q) = r+1. Any MDS code of redundancy
r > q is equivalent to a repetition code of length r + 1.

Proof. repetition code of length r+1: a [r+1,1,r+1]-code with GM [11 --- 1J.
Hence max,(r,q) > r + 1.
Also, any [r + 1,1,r + 1]-code is equivalent to a repetition code.
Suppose r > ¢ and by contradiction that maz,(r,q) > r + 2.
Then, 3 a [r+ 2,2,7 + 1]-code C over GF(q).
— C must be equivalent to a code having GM:

ro o1 1 .1
101 a ay ... an

G

in order that any linear combination of the rows of G has weight at least
r+ 1 with 0 # a; € GF(q).
This implies r < ¢ — 1, contradiction. O

Remark . the only binary MDS codes are
V(n,2), the even weighted codes E,,, and repetition codes.

Theorem 15.4. let 2 <r < g, let a1, a2, ...,ay—1 € GF(q) nonzero.
Then,

1 1 e 1 1 0]
ai as oooag—1 100
a3 a3 ... ai; 10
H =
: : 0
laf™t eyt L agj 0 1]

is the PCM of a MDS [¢ + 1,¢ + 1 — 7,7 4 1]-code.
Equivalently, the columns of H form a (g + 1)-arc in PG(r — 1, q).
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Proof. the determinant of a matrix formed by any » columns of H is equal to
the determinant of a Vandermonde matrix, and so is non-zero (see a proof of
this at section [6.1)). Thus any r columns of H are linearly independent. O

Corollary 15.7. The dual code of a MDS code is also MDS.
Corollary 15.8. 3 a MDS [n, k]-code over GF(q) iff 3 a MDS [n,n — k]-code
over GF(q).

6.1 Vandermonde determinant

This section contains a simple proof of the Vandermonde matrix determinant.
The proof was found in [3], here it is written with small modifications and
expanded. A different proof can be found in [4].

Lemma (Vandermonde determinant).

2 n—1

1 =z zy ... 2 )
2 n—

1 x xg R .

_ 1 23 x5 ... x| —
det V(z1,...,x,) = det 3 T3 3 =||(z; — ;)
. . . 7<i

2 n—1

1z, =z ... a2}

Proof. The equation is true for n = 2, as we have:

det V(z1,22) = det (1 x1> =29 — T
1 xTo

We now assume that n > 3. Starting with column n and ending at column
2, we successively apply the following operation: subtract x; times column ¢ — 1
from column i. The determinant remains the same and the resulting matrix is:

1 oo —(z1-1) 22— (xy-21) ... 2}t — (2 2772)
1 xp—(z1-1) 23— (z1-22) ... ab ' —(z-2572)
—det |1 ws—(21-1) 2% —(21-23) ... xg“l — (a1 _ngz)
1 oz —(21-1) 22 —(21-2,) ... 2?71 — (2 -2772)
1 0 0 0

1 (xzo—x1) mo(xzo—21) ... 55372(1'2 — 1)

= det 1 (.133 —.171) .133(56‘3 —561) $§L—2(1'3 —l‘l)

1 (v —21) zp(wp—21) .0 277 %2y —21)

Applying the Laplace expansion along the first row and factoring out the
scalar multiples (z; — 1) in each column, we obtain:
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To— 1 T3 —x1m9 T3 — w2 L. ngl - xlxgﬁ
-1 —2
r3—x T3 —x1w3 3 —mad ... xy T — Ty
= det )
Ty — T ZC% — 1T, xi — xlx% - xﬁ‘l — xle_Q

in each row, factor out (x; — 1)

(xg —x1) wo(zo —21) 23(w2— 1) ... x5 (20 —21)
L(zz —x1) x3(zz—z1) 23(x3 —21) A G
= det
Wzp —21) @n(Tn —21) 22(T0 —21) ... 2" 2%(m) — 1)
1 xy 23 x’;‘i
1 z3 a2 zn”
= (x; —x1) det : .3 3.
2<i<n : :
1 z, 22 N2

now, by induction

n

=[[@i—=) - [ @-=2) = ][] @-=)

i=2 2<j<i<n 1<j<i<n

7 Cyclic Codes

This section contains notes both from Hill [I] and Lint [2] books. Hill’s notes
are enumerated as X.Y while Lint’s notes as X.Y.Z.

7.1 Recap on ideals

More about ideals at the Commutative Algebra notes [5].

In the cyclic codes context, we're interested in ideals because
e cyclic codes are ideals of R, = Fy[z]/(2™ — 1).

e R, is a PID: every ideal in R,, is principal.
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Definition (ideal). I C R (Rring)suchthat 0 € I andVx € I, r € R, ar,rx €
1.

ie. I absorbs products in R.

Definition (prime ideal). if a,b € R with ab € P and P # R (P a prime
ideal), implies « € P or b € P.

Definition (principal ideal). generated by a single element, (a).
(a): principal ideal, the set of all multiples za with x € R.

Definition (prime spectrum - Spec(A)). set of prime ideals of A. ie.

Spec(A) = {P | P C Ais a prime ideal}

Definition (integral domain). Ring in which the product of any two nonzero
elements is nonzero.

ie. no zerodivisors.

ie. VO#a, 0#£be A, ab#0 € A.

Every field is an integral domain, not the converse.

Definition (principal ideal domain - PID). integral domain in which every
ideal is principal. ie. ie. VI C R, 3 a € I such that I = (a) = {ra | r € R}.

7.2 Cyclic Codes intro
Definition (cyclic code). a code C is cyclic if
i. C is a linear code

ii. any cyclic shift of a codeword is also a codeword
ie. when agay...a,_1 € C,
then so an,_1a9ai ...a,—2 € C.

Remark (Notation). From now on,

Fy=F; = GF(q)

F,[z] is a ring; and for f(x) irreducible in Fy[z], then I;%Ljﬂ';] is a field.
From now on,

flxy=2"-1 = F,z]/(z"-1)=R,

Observe:
since " = 1 mod z™ — 1, to reduce any polynomial by modulo z" — 1 can just
replace 2" by 1, 2"t by z, 2”12 by 2, etc.
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Correspondence:
agay ...an_1 €V(n,q) <= a(x)=ao+az+...+a,_ 12" €R,
In R,,

r-a(r) =ap-x+ a2’ + ...+ ap, 12"
——

=an-1-1

=ap1+ax+...+ano- 2"t ER,

ie. Ap_1a0a71 ...0Ap_9 € V(n, q)

In R,:
— multiply by = corresponds to performing a single cyclic shift

— multiply by 2™ corresponds to a cyclcic shift through m positions

Theorem 12.6 (Algebraic characterization of cyclic codes). a code C' € R, is
a cyclic code iff

i. a(z),b(z) e C = a(z)+b(z)eC

ii. a(x) € C and r(z) € R, = r(z)a(z) € C
ie. C' closed under multiplication by any element of R,,

Proof. 1. let C € R, cyclic code, then C is linear, so (i) holds.

ii. let a(z) € C and r(x) =rg+rix+ ... +rp_12" 1 € R,.

Since mult. by x corresponds to a cyclic shift, then z - a(z) € C, thus
z-(z-a(x)) =2% a(z)€C

and so on.

Hence,

r(z)-a(x) =ro-a(z) +r-z-a(x)+ ...+ 2" alz) €C
since each summand is in C; thus (ii) holds.
Conversely, suppose (i) and (ii) hold;

taking r(z) to be a scalar, the conditions imply that C' is linear.
Taking r(z) = z, in (ii) shows that C' is cyclic.
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Remark . i. Cyclic codes are the ideals of the ring R,.

ii. Every ideal in R,, is a principal ideal.
ie. R, is a PID.

Theorem 6.1.3. alinear code C in F is cyclic iff C'is an ideal in Fy[z] /(2" —1).
Proof. If C ideal in F[z]/(z™ — 1) and ¢(x) = co + 12 + ... + cp_12" "t € C,
then

r-clr)=cx+er-r+...+ " lx
——

=cp—1-1 (mod z"n—1)
=Cpo1+ o+ +. . ey " teC

- (cn—17607clv e 7cn—2) eC

Conversely, if C cyclic, then Ve(z) € C, x - c(x) € C.
Therefore z° - ¢(z) € C Vi € [n]

and since C' is linear, a(z) - ¢(z) € C

ie.

ap-c(x)+ay-x-c(x)dag-2?-c(x)+...+an1-2"'-c(z)eC
Va(z) € Fylz]/(2™ — 1). O

Corollary . F,[z]/(z™ — 1) is a PID (Principal Ideal Domain).
Thus C' consists of the multiples of g(x) € C monic and of lowest degree.
Therefore,

= g(x) is the generator polynomial (more at [12.9)) of C: C = (g(x)).

= g¢(z) is divisor of ™ — 1, ie. g(x)|(z™ —1).
since otherwise ged(2™ — 1, g(x)) would be a polynomial in C' with degree
< deg(g(z)), a contradiction.

Let f(z) € Ry, (f(z)) the subset of R, consisting of all multiples of f(x)
(reduced modulo 2™ — 1). ie.

(f(x)) = {r(z) - f(z) | r(z) € Rn}

Theorem 12.7. for any f(x) € R, the set (f(z)) is a cyclic code; named the
code generated by f(x).

Proof. check conditions (i), (ii) of Theorem [12.6}
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i if a(z)f(x), b(x)f(x) € (f(z)) then
a(x) f(z) +b(x) f(z) = (a(z) + b(x)) f(z) € (f(2))

ii. if a(z)f(z) € (f(z)) and r(x) € Ry, then

Example 12.8. C = (1 +2?) € R, with GF(2).

R3 has 23 = 8 elements.

Multiply 1+ 22 by each of the 8 elements of Rs (reducing modulo x2 — 1),
obtaining 4 distinct codewords:

0,1+x,1+x2,x+x2

Thus C is the code {000,110,101,011}.

7.3 Generator polynomial and check polynomial

Theorem 12.9. let C' a nonzero cyclic coded in R,,. Then
i. 3! g(x) monic, of smallest degree in C

it C = (g(a))

iii. g(x) is a factor of 2™ — 1

Proof. 1. 3! g(z) monic, of smallest degree in C:
let g(x), h(z) € C monic and of smallest degree. Then g(z) —h(z) € C with
smaller degree, which is a contradiction if g(x) # h(x)

ii. C=<g(x) >:
let a(x) € C. By division algorithm for F,[z],

with deg(r(z)) < deg(g(x)).

But r(x) = a(x) — q(z)g(x) € C by the properties of cyclic codes (Theorem
a,g € C and C an ideal)
By minimality of deg(g(x)), must have r(x) = 0, therefore

a(z) € (g(x))Va(z) € C

= C = (g(z))
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iii. g(z) is a factor of ™ — 1:
by division algorithm,
a" =1 =q(z)g(x) +r(x)
with deg(r(z)) < deg(g(x)).
But then r(z) = —¢(x)g(z) mod ™ — 1, ie. r(x) is a multiple of g(x), and
so r(z) € (g(X)).
By the minimality of deg(g(x)), we must have r(X) = 0, which implies

a" —1=q(x)-g(z) +0

= ¢g(z) is a factor of (2™ —1).
O

Definition (Generator polynomial). let C cyclic code, monic polynomial of

least ddegree (given by Theorem is called the generator polynomial of C.
Remark C' may contain other polynomials than the generator polynomial

which also generate C.

Example 12.10. All cyclic codes of length 3:

ie. ideals in Fo[z]/(2®—1) == factor 2> —1 in Fy, every cyclic code corresponds

to a divisor of 2% — 1.

B —1=(4+1) (2 +z+1)

so by Theorem [I2.9]ii):
generator poly code in R3 Corresponding code in V(3,2)
1 all of R all of V(3,2)
r+1 {0,1+ 2,2+ 22,1+ 22} {000,110,011,101}
?+r+1 {0,1 + 2 + 22} {000,111}
3 —1 {0} {000}

Notice that the 2nd column contains the multiples (mod z® — 1) of the
polynomials at the 1st column.

Lemma 12.11. let g(z) = go + g1 + ... + g-&" be the generator polynomial.
Then gg is nonzero.

Proof. by contradiction, let go = 0. Then 2"~ ! . g(z) = 27! - g(z) € C with
degree r — 1.
This contradicts minimality of deg(g(x)); thus go # 0. O

Theorem 12.12. let C cyclic code with generator polynomial g(x) = go+g12+
...+ grz". Then dim(C) =n —r, and a GM for C is

gO gl 92 “ e g’]" 0 O ... 0
0 g9 91 g2 -+ g O 0
G=10 0 9 o g -~ g - 0
6 0 -~ 0 g g1 g2 - 9r
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Proof. the n—r rows of G are linear independent because the echelon of nonzero
go’s with 0’s below.
These n — r represent the codewords g(z),x - g(x), z%g(x),..., 2" " tg(z).
It remains to show that every codeword in C can be expressed as a linear
combination of them.
From Theorem [12.9}(ii), if a(z) € C then a(z) = q(z) - g(z) for q(x) € Fqla].
Since deg(a(z)) <mn, deg(q(z)) <n—r.

Hence
q(z)g(z) = (00 + @z + ... + gp—r—12" ") - g(2)
= qog(z) + qrzg(z) + ... + grn—r—12" " Ig(x)
which is the desired linear combination. O

Definition (check polynomial). For generator polynomial g(x), which we know
is a factor of ™ — 1.
Then, the check polynomial h(zx) is such that

—1=g(x)h(z)
Since g(z) is monic, so also is h(x). By Theorem
deg(g(z)) =n—k = deg(h(x)) =k
Theorem 12.14. c¢(z) € R,, is ¢(z) € C iff ¢(x) - h(z) = 0.

Proof. in R, : g(x)-h(z) =2"—1=0mod z,, — 1,
hence o
c(x) e C iplics c(z) = a(x) - g(x)

for some a(x) € R,.

= c(x)-h(z)=a
(note that g(x) - h(x) =

= c¢(x) - h(z) = 0 as stated.

Conversely, suppose ¢(z) - h(z) =
By division algorithm, ¢(x) = ¢(x
Then, ¢(x) - h(z) = 0 implies
(q(x) - g(x) +r(x)) - h(z) =0
q(z) - g(z) - h(z) +r(z) - h(z) =0
recall g(x) - h(z) = z™ — 1, thus,
0+r(z)-h(x)=0
r(z)-h(z)=0
ie.r(z)-h(x) =0 (mod z™ —1)

0.
) - g(x) 4+ r(x) with deg(r) < n — k.
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But deg(r(z) - h(z)) <n—k+k=mn,sor(z) h(zx)=0inF,.

Hence r(z) = 0, thus
o(z) = q(x) - g(x) € C
= c(z) € C
since C is an ideal of R,, and g(z) € C and ¢(z) € R,,. O

Theorem 12.15. C cyclic [n, k]-code with check polynomial
h(z) = ho 4+ hiz + ...+ hya”
Then
i. a PCM for C is

hy hr—1 hip—o - ho 0 0 - 0
0 hrp hgx_1 hp—o --- ho 0 -0
g=10 0 hi  hr—1 hg—o - hg - 0
0 0 e 0 hy ht—1 hip—o -+ ho

ii. Ct is a cyclic code generated by

ﬁ(m) =hy+hp_1x+...+ hoxk

7.4 Maximal and minimal cyclic codes
Let 2™ — 1 = fi(x) - fa(x) - ... - fe(z), with f;(x) irreducible polynomials.

Definition 6.1.6 (maximal and minimal cyclic codes). the cyclic code gen-
erated by f;(z) is called a mazimal cyclic code (since it’s a maximal ideal),
denoted M;".

The code generated by (™ —1)/f;(x) is called a minimal cyclic code, denoted
M. Also named irreducible code.

ie.

Definition (Zeros of a cyclic code). Let 2™ —1 = fi(x) ... fi(z). Let 5; be
a zero of f;(z) in some extension field E D Fy,
ie. fi(8;) =0, with f;(x) the minimal polynomial of ;.
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= M;" is the set of polynomials ¢(z) for which ¢(8;) = 0.

Specify a cyclic code by requiring all codewords to have certain zeros, ie.
let the set aq, s, ..., ay; define the code C by

c(z) € Ciff e(ay) =0 Vi € [s]

then C' cyclic, and the generator polynomial is the lem of the minimal polyno-
mials of aq, aq, ..., as.

Take the sm x n matrix with columns 1, a;, a2, ..., a?fl, denoted H, with
entries in F,. Then

cHT =0, with ¢ = (co,c1,...,¢n_1)
c(ay) =0 Vi € [s], with ¢(z) € C

7.5 Hamming cyclic codes

Theorem 6.3.1. let n:= (¢"™ —1)/(¢— 1), let § a primitive n-th root of unity
in Fgm. Let (m,qg—1) = 1.

The cyclic code C := {c(x)|c(B8) = 0} is equivalent to the [,n —m] Hamming
code over F,.

Proof. sincen = (¢g—1)-(¢™ 2 +2¢™ 3+ ...+m—1) +m have (n,q— 1) =

(m,g—1)=1.

Therefore 44~ £ 1 Vi € [n], ie. B° # F, Vi € [n].

Columns of H, which are the representations of 1,3, 82,..., 3" ! as vectors
in Fym, are pairwise linearly independent over IF,.

So H is the PCM of an [n,n — m] Hamming code. O

Example 6.3.2. smallest extension of Fy which contains a primitive 9-th root
of unity is Fos.

Let o a primitive element of the field, then a3 = 1 ,and = o7 is a
primitive 9-th root of unity.

Then, the minimal polynomial of 5 has the zeros

B, 8%, 8%, 810 = BT, g1 = p°

= min. polynomial: (z° —1)/(2® — 1) = 2% + 2% + 1.
So (2 —1)=(z—1) (2> +2+1) (2% +2>+1).
——

fi(z) fa(z) fa(z)
The code M?j' has pairwise independent columns in H, ie. min.distance > 3.
M;r consists of codewords (cocica cocrca cocrca), so d = 3.
The code M3 has check polynomial z° + 23 + 1, so it’s a [9, 6]-code.
Since 23 — 1 € M3 (is a codeword), the distance is 2.
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7.6 Idempotent of a cyclic code
Theorem 6.4.1. 3! ¢(x) € C which is an identity element for C.

Proof. let g(x) generator polynomial, h(x) check polynomial.

ie. g(z) - h(z) =2" —1in Fylz].
Since 2™ — 1 has no multiple zeros (ie. has simple zeros),
we have (g(z), h(z)) = 1, hence by the Bezout identity:

J a(x),b(x) € Fylz] s.th. a(z)g(z) + b(x)h(z) = ged(g, h) =1

Define ¢(x) := a(z)g(x) =1 — b(z)h(z).
Clearly c¢(x) € C. Furthermore, if p(z)g(z) € C (ie. p(x) - g(x) is any
codeword in ('), then

c(@)p(z)g(z) = (1 = b(x)h(x)) p(x)g(x)
c(z)
= p(x)g(z) — b(x)h(x)p(x)g(x)
(recall : g(xz)h(x) = 2™ — 1)
= p(@)g(z) — b(x)p(x) g(x)h(x)

=p(r)g(x) (mod 2™ —1)
So ¢(x) is an identity element for C, and hence is unique. O
Recall:
nilpotent a € A s.th. a” =0 for n >0
idempotent e € A s.th. e2 =¢

Definition 6.4.2 (primitive idempotent). the idempotent of an irreducible
cyclic code M, is called a primitive idempotent, denoted by 6;(z).

Theorem 6.4.3. if Cq,Cy are cyclic codes with idempotents ¢q (), co(x), then
i. C1 N Cy has idempotent ¢ (x) - ca(x)

ii. C1+ Cs, ie. the set of all words a + b with a € Cy, b € Cs, has idempotent
c1(z) + c2(x) + c1(z) - co(x) € Cy + Co.

Theorem 6.4.4. for the primitive idempotent we have:
i S 6i(x) =1

iii. 146 ()+0;,(x)+...+6; (x) is the idempotent of the code with generator
fin(@) - fiy(x) - fi ().
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7.7 Trace representation

Definition 1.1.29. ¢ = p", trace: Tr: F; — .
If ( € Fy, then

Tr(¢)=C+ P+ +...+¢" €F,
Theorem 1.1.30. properties of the trace function:
i. V¢eF,, Tr() ek,
ii. there are elements 6 € IF,, such that Tr(¢{) # 0
iii. T'r is a linear mapping.
Proof. 1. by definition (Tr(¢))? = Tr(¢)
ii. the equation z +a? + ...+ 27" =0 can not have g roots in [F,

ili. since (¢ +n)? = (P +1n? and Va € F, we have a? = a

2P is a product of minimal polynomials.

Cor?llary . Tr takes every value p~'q times, and the polynomial x4 +..

-+

Theorem 6.5.1. let & be the multiplicative order of pmodn, ¢ = p*, 8 a

primitive n-th root of unity in F,.
Then the set

V= {c(Q) = (T7(Q), Tr(Ch), ..., Tr(¢f"™1)) | ¢ € Fy}

is an [n, k] irreducible code over F,.

Proof. by Theorem [1.1.30, V is a linear code, and ¢({5~1) is a cyclic shift of

¢(¢€); hence V is a cyclic code.

Since § is in no subfield of F,, we know that 3 is a zero of an irreducible

polynomial h(z) = hg + hyx + ... + hyz*.
If ¢(¢) = (co, 1, -y Cn—1), then

k
> cihi = Tr(Ch(8)) = Tr(0) =0

=0

since S is a zero of h(x), so that h(8) = 0.

So we observer ¢(z)h(z) = 0, from Theorem [12.14] this means that h(z) is

the check polynomial,
ie. we have a parity check equation for the code V.

Since h(z) irreducible, x* - h(z~!) is the check polynomial for V', therefore,

V' is an irreducible cyclic [n, k]-code.
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7.8 Mattson-Solomon Polynomial

Definition (Mattson-Solomon polynomial). Let § primitive n-th root of unity
in the extension field E of F,.

Let T the set of polynomials over F with degree at most n — 1, ie.
T ={p(x) € E'| deg(p(z)) <n—1}

Define & : T'— T as:

let a(z) € T, then A(X) = (®,)(X) is defined by

n

AX) = a(p) X"

j=1

If « = (ag,a1,...,a,—1), the polynomial A(X) obtained from ag + a1z +
... ap_12" ! is called the Mattson-Solomon polynomial of the vector a.

Lemma 6.5.3. the inverse of ® is given by
a(z) =n" (@A) (z™) (mod 2" — 1)
Proof.

|
—

n n n

n—1
A(BF) = Z a; 3937k = Z a; Zﬂ(ifk)j = na,
1=0 Fi

j=114 =1

Il
=

Remark . Notation:
o: multiplication of polynomials mod(z™ — 1)
x: defined by
(Z a;x’) * (Z bix') == Z aib;x’
® is an isomorphism of the ring (7', +,0) onto the ring (T, +, *).
Lemma 6.5.4. let V' a cyclic code over I, generated by

g(@) = [[ (= - 8"
keK
Suppose {1,2,...,d—1} C K and a € V.
Then the degree of the Mattson-Solomon polynomial A of a is at most n—d.
Proof. a(87) = 0 for j € [d] since g(z)|a(z).
Thus at the equation A(X) := 3", a(87) X"/, it will be 0 between 1 <
j <d—1, so that degree is n — d. O

Theorem 6.5.5. if there are r n-th roots of unity which are zeros of the
Mattson-Solomon polynomial A of a word a, then w(a) =n — r.

Proof. consequence of Lemma [6.5.3 O
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8 BCH Codes

Definition 6.6.1 (BCH Code). a cyclic code of length n over F, is called
BCH code of designed distance ¢ if its generator g(x) is the lem of the minimal
polynomials of g, 81, ..., B19=2 for some I, where § is a primitive n-th root
of unity.

Usually [ = 1; if n = ¢™ — 1 (ie. B a primitive element of F7*), then the
BCH code is called primitive.

Theorem 6.6.2 (BCH Bound). the minimum distance of a BCH code with
designed distance d is > d.

Proof. wlog. take [ = 1. By Lemma the degree of the Mattson-Solomon
polynomial A of a codeword c is deg(A) <n —d.

Therefore, in theorem we have r < n —d, ie. w(c) > d.

(recall: r is the amount of n-th roots of unity which are zeros of the M-S
polynomial A) O

Definition (Defining set). If A= {a,...,a%} is a set of n-th roots of unity
such that
c(x)eC<=V(eAc()=0

we say that A is the defining set for C.
If A is the mazimal defining set for C', we call A complete.

Definition 6.6.3. M(A) or M(a™,...,a"): matrix [ xn that has 1, o, 2%, ... a(*= D
as its k-th rows, ie.

1 aft a2 ... q—Di

1 aiz a2z ... q=Di
M(A) =

i a’il a2il a(n;l)ll

M(A) is the PCM corresponding to A.

Theorem 6.6.13. The primitive binary BCH code C' of length n = 2™ —1 and
designed distance § = 2 — 1 has minimum distance 4.

Corollary 6.6.14. a primitive BCH code of designed distance § has distance
d<26—1.

Corollary 6.6.16. the minimum weight of a primitive binary BCH code is odd.

9 Reed-Solomon Codes

Definition 6.8.1 (Reed-Solomon code). a Reed-Solomon code (RS code) is a
primitive BCH code of length n = ¢ — 1 over F,.
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With generator

where « is primitive in F,.

Remark . observe:

e by minimum distance > d
e by 6.2, has dimension k =n —d + 1

Therefore, Corollary 5.2.2 implies that minimum distance is d and the RS code
is a MDS.
This is useful for when errors are in bursts (ie. several errors together).

Let n = ¢ — 1, a a primitive element of F,.

a = (ap,a1,...,ax_1) € IF’; <~ a(z) = agp a4 .. Fap_xtt

Then
C ={(co,c1,.--,¢n1) | ci = ala’), 0<i<n, aEIF];}

is the RS code withd =n — k + 1.

To see it: C'is cyclic. By definition of C' and Lemma [6.5.3] implies that a
codeword ¢ has n - a(x) as its Mattson-Solomon polynomial.

Since deg(a(z)) < k —1,

c(a)y =0 Vie[l,n—k

Extend the words of C' by adjoining a symbol ¢, = a(0), then

= we obtain C.
If ¢, = 0, ie. ¢(1) = 0, then the word has weight > n — k + 2. Also true if
¢n #0. = so C' is also a MDS code.

Definition 6.8.2. the generalized R-S code, GRSk (a,v), has codewords all

(v f(ar),vaf(az),...,vnf(an))

where f runs through the set of polynomials of degree < k in Fym[X], ie. f €
Fym [ X]<F.
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A GRS and its dual are MDS codes.
Theorem 6.8.3. the dual of an MDS code is also an MDS code.

Proof. let G = (I;; P) be GM of C.

Since C' has min. weight d, every set of d — 1 = n — k columns of the PCM
H = (—P7T I,,_}) is linearly independent.

Hence every square submatrix of H is nonsingular, ie. no codeword of C*
has n — k zeros.

So C* is an [n,n — k, k + 1] code, ie. MDS. O

9.1 Example of Hamming code (cyclic) and of Reed-Solomon
code (cyclic and MDS)

(7,4)-Hamming code over Fy
(n,k) = n = 7(length), k = 4(message length)

Generator polynomial: g(r) = 23 + z + 1.
Parity bits: r =3
Message: m(z) € F3[X]=2, encoded as c(x) = m(z)g(x) (mod (27 — 1))
eg: for m(z) = 23+ x + 1,
cl@)=(3+x+1) - (®+2+1) (mod )z’ —1)=2%4+2%+1
— ¢ = (1000101)

Hamming code is cyclic:

when ¢(z) € C, then z - ¢(z) (mod ()z™ —1) € C,
because C' = (g(x)), ie. all codewords are multiples of g(z),
so for ¢(z) = m(x) - g(x), then

z-c(r) =x-m(z)-g(r)

is still a multiple of g(x), hence a valid codeword.

(6,4)-Reed-Solomon code over Fy;
n =06, k=4, minimum distance: d=n—-k+1=6—-44+1=3

Choose a primitive element, o = 3 € F.
Generator polynomial:

g(x) = (x —a) (z —a?)
=22 —2r—3x+6
=2 —br+6=2>+22+6 (mod?7)

message: m(z) =1+ 2x + 22 + 23
Then,
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cyclic form: ¢(x) = m(x)g(z) (mod (26 — 1))

c(z) € Ciff c(a’) =0V i€ [n— k|

evaluation form: ¢ = (m(1), m(a),m(a?),...,m(a’))

RS code is cyclic. And it is MDS:
e a polynomial of degree < k is uniquely determined by k points

e if two polynomials agree in k positions, are the same polynomial
= maximum number of equal positions between distinct codewords =
k—1

Therefore, d =n— (k—1) = n—k+1, ie. Singleton bound (with equality!).
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